We analyze the dynamical stability of hydrodynamical flows in the equatorial plane of a thin axisymmetric accretion disk in close binary systems. The periodic tidal forces of the companion star induce parametric instabilities, which are characterized by the Floquet exponent. We propose that the onset of superhumps in Cataclysmic Variables (CVs) can be understood in this context. Comparing our model with well-known systems leads to the conjecture that the onset of superhumps is due to the coupling between the fluid's velocity field and the enthalpy fluctuations which generates pressure fluctuations. We also discuss superhumps in various subclasses of CVs.
INTRODUCTION
Accretion disks (ADs) in astrophysics are laboratories in which to study a wide range of fundamental processes. Viscous dissipation is a crucial element, ensuring that the turbulent gas slowly spirals inwards, radiating heat and angular momentum in the process. Turbulence and magnetic fields probably play a fundamental rôle in providing the viscosity in the disk of Cataclysmic Variables (CVs) (Balbus and Hawley 1991; Balbus et al. 1996; Balbus and Hawley 1998) . Instead, magnetic fields in the secondary components are pivotal in understanding the secular evolution and the period gap of CVs. For a comprehensive review see (Warner 1995) .
ADs are often observed out of equilibrium. The first studies of instability phenomena modelled the outburst activity of dwarf novae (DN), a subclass of CVs (Meyer & Meyer-Hofmeister 1983; Shafter, Wheeler & Cannizzo 1986) . Other types of instabilities such as spiral shocks, superhumps and radial axisymmetric waves, that are known to transport energy but not angular momentum, have mainly been investigated with numerical simulations (Sawada et al. 1986; Whitehurst & King 1991; ?; Różczca and Spruit 1993; Truss et al. 2000 Truss et al. , 2001 Bate, Ogilvie et al. 2002; ?; Korycansky and Pringle 1995; Lubow and Ogilvie 1998; Ogilvie & Lubow 1999) .
In this paper we are interested in the periodic effects induced in ADs by the tidal forces of the orbiting secondary star. The existence of periodic (and quasi-periodic) phenomena often leads to parametric resonance in a diverse range of physical systems from Bloch waves, Anderson localisation and ionic bubble motion (Borghesani and Tamburini 1999) in condensed matter physics to inflationary preheating in the early Universe , (Bassett and Tamburini 1998) , (Bassett et al. 1999 ). All of these systems, in one limit or another, are described by Floquet theory: the theory of linear ordinary differential equations with periodic or quasi-periodic coefficients. This is exactly the case of close binaries in which the secondary star provides a force which is periodic in time and space. In this sense this problem is similar to the problem of resonance inside an oscillating bubble, suggested by some authors as the origin of sonoluminescence (Eberlein) , (Liberati et al. 1999 .
The application of Floquet theory to ADs is not new. Goodman (1993) applied the theory of Pierrehumbert-Bayly elliptic fluid vortices to accretion disk dynamics. Standing waves in the disk are excited without producing a significant transport of energy or angular momentum across the disk. The distortions produced in an inviscid disk by the tidal forces produce a three-dimensional incompressible local hydrodynamic instability, with a rise of the local turbulence (Ryu and Goodman 1994) .
Floquet analysis has been applied also to characterize the AD local turbulence in the Landau scenario (Tamburini & Bianchini 2002) , to study the magnetorotational instability modes (Goodman and Xu 1993) and the stability of warped thin disks (Gammie et al. 2000) . More recently, parametric resonances in disks around neutron stars and black holes were suggested as the origin of quasi-periodic oscillac 0000 RAS tions Abramowicz 2001, 2002; Kluźniak and Abramowicz 2002; Abramowicz and Kluźniak 2001) .
In this paper we intend to study linear perturbations of Keplerian fluid streams in ADs of CVs to analyze the conditions for the onset of the superhump phenomenon. Superhumps were initially observed in SU UMa systems (Vogt 1974; Warner 1975) . This subclass of dwarf novae shows superhumps during brighter and longer outbursts (so-called superoutbursts) and is mainly constituted by binaries with short orbital periods, typically below the 2 − 3 h period gap of CVs. It was suggested (Whitehurst & King 1991) that superhumps occur when the outbursting accretion disk extends beyond the 3:1 resonance radius. The phenomenon is usually ascribed to the effects of tidal forces of the secondary star on the outer rim of the disk. See, for a review, Warner (1995) . Superhumps have also been associated with spiral structures in the AD (Steeghs et al. 1997; Baba et al. 1991) .
In the literature, these superhumps are called positive superhumps because they are characterized by light fluctuations with periodicities a few percent larger then the orbital period. They are thought to represent the beat period between the binary orbital motion and the apsidal precession of the eccentric outer edge of the AD. Negative superhumps, instead, are supposed to be generated by the nodal precession of tilted ADs. However, recent theoretical results seem to present some difficulties regarding this interpretation (Murray & Armitage 1998; Wood et al. 2000; Murray et al. 2002) . There are three types of precession phenomena within an AD that might compete between each other: the apsidal prograde precession due to the axisymmetric component of the tidal field; that induced by the stresses caused by the acoustic wave originated at the r3:2 resonance radius, which can generate either prograde or retrograde precession; and the retrograde precession due to pressure waves (Lubow 1992; Warner 1995) . Therefore there might be a closer physical connection between positive and negative superhumps.
Superhumps have been also discovered in other subclasses of CVs like old novae and nova-like systems in which case, since the ADs are believed to be thermally stable, the phenomenon was termed permanent superhumps. Permanent superhumpers have been reviewed by Retter & Naylor (2000) , who confirmed the hypotheses that they are produced in disks that are thermally stable but tidally unstable (Osaki 1996) . While no SU UMa (i.e. positive superhumps) is observed above the period gap, six permanent superhumpers above the period gap are reported there. Retter et al. (2003) discussed the observational results together with the above mentioned connection between positive and negative superhumps. Actually, almost every permanent superhumper shows both types of superhumps, supporting the idea that both types have a similar origin. Pressure forces have been shown to play a crucial role in the superhump phenomena, producing a significant retrograde effect upon the precession rate (Lubow 1992) . Recently, Murray (2000) showed that the inclusion of a retrograde pressure contribution to the precession rate dramatically improves the fit to the observational data. By assuming that pressure forces of similar magnitude occur in all superhumping systems, the disc precession rates for three systems with accurately known mass ratios (OY Car, Z Cha, HT Cas) is significantly slower than predicted by the dynamical theory. This implies that long period superhumpers have smaller mass ratios than previously thought. This in turn is more consistent with the eccentricity being generated at the 3 : 1 Lindblad resonance.
To this aim we will apply Floquet theory to the Fourier modes of the velocity field and local pressure perturbations and study the evolution of the system also searching for instabilities as a function of the disk parameters such as M1, p, r0, k, γ. M1 is the primary mass, P the local pressure, r0 the orbital fiducial radius, k the radial Fourier mode along which we will expand Euler equations and the polytropic index γ. To study the dynamics of the two-dimensional accretion disk we adopt the shearing-sheet approximation and the local pressure P and density ρ are those of a typical α−disk with half-thickness h (Shakura and Sunyaev 1973; Frank et al. 1985) following the approach in Goodman (1993) . The advantage of this semi-analytical Floquet analysis lies in the large parameter space that can be searched efficiently, without the computationally intense and numerically subtle problems that dog fully nonlinear studies.
The structure of the paper is as follows: in sec. 2 we describe the two dimensional model of inviscid accretion flows in which to test the dynamical stability against small perturbations. In sec. 3 we discuss the orbital stability with Floquet analysis. The results of the tests and simulations are presented and discussed in sec. 4. Conclusions are given in sec. 5.
THIN TIDALLY DISTORTED ACCRETION FLOWS
We model the velocity of our fluid, in the midplane (z = 0) of a tidally distorted AD, with inviscid streamlines. The Euler equation and the equation of continuity are:
∂ φ is the Lagrangian derivative, − → v the velocity field, u and v the radial and the azimuthal components of the velocity, − → Ω b the orbital angular velocity of the binary, Ψ = Ψ(r) the gravitational potential, ρ the density and P is the gas pressure.
We calculate the tidal distortions from the secondary star using the methods of classical celestial mechanics and study, in the shearing sheet approximation, the evolution of each mode (labelled by k) of the velocity and enthalpy fluctuations after a radial Fourier transformation. The fluid streamlines of an ideal, unperturbed and isentropic ⋆ disk are described by the Euler equation written in a covariant form for a cylindrical coordinate system,
where gij and Mij are the metric for the curvilinear ⋆ An isentropic fluid is characterized by P (r, t) ∝ ρ(r, t) γ , where γ is the polytropic index, and P is the local pressure term c 0000 RAS, MNRAS 000, 000-000
coordinates † and Coriolis tensors respectively, v is the velocity, while , and ; represents the derivative and the covariant derivative with respect to gij . For a cylindrical coordinate set (r, φ, z) the metric tensor is g rr = g zz = 1, g φφ = −r. The effective gravitational potential Ψ(r) is centered at the geometric center of the primary star, while the secondary is located at r = a, where a is the semi-major axis of the orbit.
The periodic tidal distortions due to the secondary star are approximated by epicyclic terms. We expand the streamline coordinates to first order about the unperturbed coordinates r0, φ0 of the stationary disk:
Since we force the streamlines to join up with themselves at some point we require that on average after a certain number of orbits the value of the displacements is zero, i.e. ξ r = 0 = ξ φ . Theoretical and numerical results confirm that for a secondary star orbiting outside the accretion disk, the m = 2 epicyclic mode of the Fourier expansion of the tidal potential is dominant with respect to the other angular components. We therefore include only the m = 2 mode in our analysis. See Brouwer & Clemence (1961) , Goodman (1993) and Ryu & Goodman (1994) for further details.
Perturbative stability of the disk
It is useful to define the pseudo-cartesian coordinates (x, y) as the deviation from a fiducial streamline with orbital radius r0: x = r − r0 and y = r0(φ − φ0). The equations of motion are then written in the shearing sheet approximation (Goldreich & Lynden-Bell 1965; Julian & Toomre 1966 ) and Euler's equations of a perturbation in the fluid will follow the tidal distortion, being expanded in power of h/r0 in a reference frame corotating with the secondary star. The characteristic length and time scales are h and Ω −1 , i.e. the half-thickness of the disk and the reciprocal of the orbital frequency respectively.
In cartesian coordinates the undistorted velocity field is vx = 0 and
, which is O(Ωh) and the partial derivatives of the velocities with respect to the radial coordinate are O(Ω), being x, y the order the disk thickness h.
is the orbital angular velocity of the binary and A = Ω for a keplerian disk. Since in the thin disk approximation h ≃ csr/v φ , we can assume h ∼ 0.1r where cs is the sound speed and v φ is the orbital velocity.
The thermodynamic quantities of a tidally distorted streamline, ρ, P and w, depend on the coordinate mass density ρ0, the pressure P0 and the enthalpy w0, and on the geometry of the unperturbed streamline described by the metric tensorḡ (Ryu and Goodman 1994) 
† We ignore relativistic effects and treat the disk with purely Newtonian gravity. This is likely to be a very good approximation for most cases of interest.
To obtain the enthalpy for each streamline, we adopt the typical values provided by the Shakura-Sunyaev α−disk solution and hence assume α in the range 0.01 − 1 and a mass transfer rateṀ in the range 10 −11 − 10 −8 M⊙yr −1 . We next introduce a small isentropic perturbation in the disk and approximate the description of the pressure gradient in terms of the enthalpy w by assuming ρ constant along each streamline.
The equation of mass conservation can be expressed in terms of the enthalpy deviation δw = w − w0, where w is the actual local enthalpy and w0 is that of the unperturbed background.
Using the shearing sheet approximation we keep only the non-stationary terms that are O(Ω 2 h), and write the Euler equations for a perturbation set in a tidally distorted streamline
where
is the usual Lagrangian derivative. Since we analyze the case of small axisymmetric deviations, we neglect the derivative ∂y and write the mass conservation equation in terms of the enthalpy deviation w ′ ‡ , viz.:
we also neglect the variation of the metric tensor with respect to time by assuming that the geometry of a closed streamline is roughly constant in time.
The terms bij and cij in eqns. 4 are dimensionless, linear in the displacements and oscillate with time like the epicyclic displacements at the frequency 2[Ω(r0) − Ω b ]. They are expressed as and ξ i ,j is the derivative along the coordinate j of the i − th-coordinate epicyclic deviation, which is O(1). These periodically oscillating terms will provide the driving force for parametric instabilities which we analyse using Floquet theory. ‡ For simplicity in our notation we will hereafter write the enthalpy variation as w.
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Fourier-mode hierarchy
To apply the standard Floquet analysis to the set of PDEs in eqns. (4) we Fourier transform partial derivative ∂x and expand the velocity and enthalpy fluctuations along the Fourier modes of the cartesian coordinate x:
−ikx dk and obtain a set of ODEs for their modes.
Introducing the rescaled timet = 2(Ω − Ω b )t, we obtain the radial Fourier modes of Euler and continuity equations in the shearing sheet
The k = 0 mode velocities are
where ′ indicates a derivative with respect to the rescaled timet andΩ =
. To simplify our notation, unless it is necessary, we label the rescaled time simply with t § . V k x , V k y and W k represent the radial Fourier modes of the perturbations of the velocity field and enthalpy rescaled with respect to the local sound speed and enthalpy of each streamline to be dimensionless and therefore suitable for numerical analysis.
The Euler and continuity equations contain here a set of dynamical parameters that characterize the behavior of the accreting flow: the primary mass M1, the local pressure p, the orbital fiducial radius r0, the Fourier mode k and the polytropic index γ.
We fix the boundaries of this 5−dimensional parameter space to obtain a simple model of inviscid flow in which to test the dynamical stability of two dimensional accretion disks present in close binary systems like Cataclysmic Variables. The mass range chosen in the simulations is M1 = 0.5−1.5M⊙, the orbital period of the binary system is p = 1 − 10 h. Each fiducial streamline radii r0 is chosen between 1.3 times the white dwarf radius, calculated from Hamada & Salpeter (1961) , and r/RL = 0.8, where RL is the Roche lobe radius of the primary. § At the first order, the perturbation is
In the corotating reference frame, u (0) = 0, − → V is the effective perturbation and − → v (0) represents the zero-mode Fourier term of the velocity deviation. The lagrangian derivative of the Fourier modes then becomes
The Fourier modes of the radial derivatives, k = 0 − 5, have been chosen after the results of some tests which proved that higher order modes have essentially trivial dynamics, as in most other applications of Floquet theory. One way to understand this is that it is hard to excite instabilities via the binary on time scales much shorter than the orbital period of the binary. The mass of the companion star is obtained in most cases by the period-mass relation M2 ≃ 0.11p, where p is the orbital period of the binary system expressed in hours. Unless differently specified, in the numerical simulations the perturbations are assumed adiabatic, i.e. γ = 5 3 .
Time evolution of perturbations
In our first simulations we will present the analysis of two systems that show positive superhumps: the old nova V603 Aql and the dwarf nova OY Car, above and below the period gap (PG), respectively. Our fiducial systems are then:
• V603 Aql: primary mass M1 = 0.66 M⊙ and orbital period p = 3.32 h (Retter & Naylor 2000) .
• OY Car: primary mass M1 = 0.84 M⊙ and orbital period p = 1.5149 h (Warner 1995).
Unless specified otherwise, we report the evolution of the k = 1 Fourier modes of the velocity field and enthalpy ¶ . We also assume α = 0.03 and a mass transfer ratė
The dimensionless initial conditions for the perturbation are real numbers and set for all the simu-
−2 , while the initial fluctuation in enthalpy is W k (t0) = 10 −4 . We tested different set of initial conditions, without noticing large deviations from what is reported here, as is expected from Floquet theory. As in our model enthalpy is strictly correlated with the pressure terms, this behavior would mean that a perturbation tends to excite velocity field fluctuations and enthalpy modes until they reach their asymptotic equilibrium. A variation of enthalpy fluctuations in our model could be interpreted as the creation of local pressure fluctuations.
A perturbation located in a stable region of the disk just before the last stable stream rp, the Pacziński's radius (Pacziński 1977) , has a similar time evolution whether a system lies above or below the PG. In V603 Aql, in old novae and nova-like systems the radial perturbation, V k x , is found to evolve rapidly to a stable oscillatory motion. The azimuthal part V k y , on the other hand, is coupled with the enthalpy variation W k and for this reason has a much slower decay rate, and both stabilize after t = 3000 (Fig. 1) . In the dwarf nova OY Car we see that in the transient initial regime both the velocity terms V k x and V k y oscillate with W k , but with a shorter time of relaxation, t = 220 (Fig. 2) . In Fig. 3 we report the time evolution of a perturbation in the superhumps region located at the r32 resonance (Warner 1995) of V603 Aql. The same behavior is shown also by OY Car. The radius r32 corresponds to the orbital period-doubling beyond which the orbits cannot be populated uniformly, forming arcs of material due to the the eccentric orbits generated at the 3 : 1 Lindblad resonance (Whitehurst & King 1991) . ¶ Simulations show that this specific Fourier mode is dominant in the superhumps region.
The numerical values of the initial and final stages in our simulations are reported in table (Tab. 1). At the Pacziński radius we notice that velocity and enthalpy fluctuations are coupled together: during the initial stage the k = 0 modes tend to zero, V k x and V k y decay to a stable oscillatory motion, while W k tends to grow favoring the creation of pressure fluctuations. The imaginary parts of the Fourier modes, Im(V k x ), Im(V k y ) tend to follow a similar behavior, evolving towards stable oscillatory motion. The zero-mode velocities (eqns. 8) instead do not take active part in the dynamics of the fluid streams inside a stable region of the disk. At the end of the initial transient regime, the final evolutionary stage of a fluid streamline becomes pure oscillatory (i.e. epicyclic) motion. As the velocity perturbations seem to slow down while exciting pressure contributions, this would support the results that the contribution of pressure forces plays a crucial role in the dynamics of ADs instabilities and especially in the onset of superhumps.
V603 Aql
In Fig. 4 we see the behavior of a perturbation in the unstable region beyond the tidal truncation radius r/RL = 0.8 (Warner 1995) . This unbounded growth is due to the effect of the inner Lindblad resonance generated by tidal forces from the secondary star, situated at rL/a = 2 −2/3 = 0.63. The behavior shown in Fig. 4 is common to all CVs.
ORBITAL STABILITY AND FLOQUET ANALYSIS
The oscillatory regime due to the epicyclic motions induced by the tidal forces makes the onset of superhumps and the stability problem amenable through Floquet analysis. A perturbation in velocity and enthalpy introduces new oscillatory terms having complex frequencies, ωj = Re(ωj) + iµj (t), where the real part represents the oscillations and the imag- inary part describes the instability rate |A| ∝ e µt , where µ is the Floquet index.
Strictly speaking Floquet analysis applies only to exactly periodic systems. However, it is useful in systems where the periodic effects are strong and the period of oscillation is short compared with any other dynamical time-scales. There is a rather close analogy between Lyapunov and Floquet exponents (Kobes et al. 2000) . After having determined the disk stability with the Floquet exponent (Goodman 1993 ), as we have no dissipative terms inside our equations, we characterize its relaxation behavior in a stable region by analyzing the evolution to µ = 0 of the Floquet exponent calculated at different times. Once we fix a final time t f in which to calculate the Floquet exponent, we divide the results in two main classes:
• Resonance bands: they are the loci of points where the solution is unstable and grows exponentially. In this region the Floquet exponent µ is always positive. As we assume a newtonian fluid, the growth of a perturbation in the velocity field is unbounded and around a resonance will grow to infinity when t → ∞, physically signalling an instability in that specific region of the disk. This scenario corresponds to the regions of the disk located beyond the tidal truncation radius.
• Stable regions: where the Floquet exponent is µ ≤ 0. In this case the perturbation of velocity and enthalpy are coupled together probably generating local pressure fluctuations. At the end of the transient regime observed in the simulations each fluid stream constituting the disk will oscillate around its initial position. The final motion of a test particle located inside a fluid stream is described in terms of epicycles.
The interpretation of a negative Floquet exponent, calculated within a finite time t f , is quite straightforward. The numerical results of our equations show that in a stable region a perturbation is always affected by a transient oscillatory regime before reaching a stable oscillatory motion. A negative Floquet exponent indicates an effective coupling between velocity and enthalpy modes inside a stable region, which corresponds to the creation of local pressure fluctuations as previously seen in Fig. 1, Fig. 2, and Fig. 3 . Following the results of the numerical tests (see the Appendix for more details), we set t f = 400.
Fourier modes of a perturbation
To investigate which frequencies may be active in the coupling observed between energy and enthalpy perturbations, we analyze the Fourier spectrum of the evolution for the perturbations of the azimuthal velocity Vy and the enthalpy W as a function of the Fourier modes k and for each value of the fiducial orbital radius. This is obtained by calculating the Floquet exponent µ of each k Fourier mode of the perturbation (V k x , V k y , W k ) at varying r. Each frequency driving actively the motion belongs to a resonance band, while null or negative Floquet exponent zones would correspond to the k−modes that do not evolve from the initial conditions and generate only epicycles. We will confine our analysis to the azimuthal velocity because its fluctuations Vy, coupled with the enthalpy/pressure variations W , are sufficient to describe the superhump mechanism.
In Fig. 5 we plot the Floquet exponent vs the k−modes of V k y in OY Car (with q = 0.1984) and TV Col (assuming q = 0.33, M1 = 1 M⊙, p = 5.5 h; Retter et al. 2003) for three different radii of their ADs : the Pacziński radius rp, immediately beyond the superhumps region, where the growth rate of the perturbation starts being positive, and at r/RL = 0.8 that is well outside the tidal truncation radius. At r/RL = 0.8 we observe a clear structure of three resonance bands. Actually, in the outermost regions of a well extended disk, the dynamics is dominated by the longwavelength modes corresponding to the first resonance band peaked at k ∼ 0. The second resonance band is located at k ∼ 1. A third smaller and broader band is observed for k > 1.5 in OY Car and for k > 1.1 in TV Col, with different extensions towards higher frequency modes at different radii. Fig. 5 shows that in both systems the inner regions of the disks are stable µ(k) always being in a neighborhood of 0. These features are common to all CVs. We notice a difference between the systems only when approaching to the superhumps region. In general, in the Sh region µ(k) is seen oscillating around zero also assuming negative values. As soon as we move outside the superhumps region, the three resonance bands appear. The difference between the two systems is that, while the change is drastic in OY Car, just after the tidal truncation radius, as the three bands become immediately consistent and permanent, in TV Col the first and the second band become barely visible around the tidal truncation radius, then, at increasing radii, they once again disappear, allowing also negative µ values, in correspondence of the superhumps region. Finally, the three bands of TV Col monotonically grow towards larger radii. A sufficiently high viscosity could however smear out some of the weaker growing modes, starting from the higher frequency modes or just after the tidal truncation radius. This would also give the disk the possibility to extend beyond the tidal truncation radius, leaving to the low-frequency terms the role of depicting the evolution of the perturbed, tidally distorted, flow. This might suggest that in some extreme cases superhumps can be produced also beyond the tidal truncation radius. This might indeed be the case of TV Col. This is a controversial object since its mass ratio q seems to fall above the limit q = 0.22 (Warner 1995) for superhumps to occur (Retter et al. 2003) . However, numerical simulations by Murray (2000) , which included pressure effects in the disk, suggested that superhumps in TV Col are possible for q ≤ 0.33. This is consistent with our results since the superhumps region in TV Col shows zero or negative µ values in the same range of mass ratios. The explanation suggested by our model is similar to that given by Murray (2000) since we see that the velocity oscillatory modes are transferred to enthalpy, and hence to pressure. If the enthalpy fluctuations are eliminated from the main set of equations 7, the appearance of resonance bands around the superhumps region inhibit the superhumps phenomenon.
To show the strong dependence on q of the behavior of TV Col, we show in Fig. 6 a two-dimensional Floquet chart (r, k) of Vy assuming q = 0.395. As we can see in this case, TV Col does not exhibit superhumps, since the inner disks region are stable and the outer disk region are unstable even at the superhumps radius as indicated by the presence of strong resonance bands which appear at r/rL ∼ 0.5 and monotonically grow towards larger radii.
ORBITAL RESONANCES AND SUPERHUMPS
Here we describe the orbital resonances by i) plotting the Floquet exponent µ of the azimuthal velocity fluctuation modes V k y as a function of the radius r0 for two selected systems respectively above and below the period gap, and ii) plotting the same µ as a function of both r0 and the primary mass M1 for four orbital periods spanning from 1.5 and 8 h.
• i) µ vs. r0 -above PG: Adopting the masses and the orbital periods suggested by Montgomery et al. (2001) , Murray (2000) and Retter at al. (2003) , in the main body of Fig.  7 we report the Floquet exponents for the k = 1 mode of the azimuthal component V k y calculated for the system TV Col with three different mass ratios, q = 0.57, q = 0.395 and q = 0.33. In the first and second case, TV Col behaves like a system without superhumps (In Fig. 7 TV Col Figure 5 . Main: plot of the Floquet exponent µ, of the azimuthal perturbation V k y , vs the k−modes in TV Col at three different radii: the last stable stream rp, beyond the superhumps region, and at r/R L = 0.8, beyond the tidal truncation radius. We observe that at large radii the long wavelength modes k < 1 become more and more efficient and dominate the dynamics. At higher frequencies, the Floquet exponent will tend to zero at any radius. Inset: the same plot for OY Car. Differently from TV Col, in vicinity of the superhumps region the structure of resonance bands show a sudden dramatic change. Figure 6 . Chart of the Floquet exponent µ of the azimuthal k−modes for a system without superhumps (TV Col with q = 0.395) at different radii r/R L for the azimuthal perturbation V k y . This three dimensional plot shows a structure of resonance bands which increase for very large values of the fiducial radius and long wavelength modes.
line; q = 0.395: continuous plot). In these two cases, beyond the tidal truncation radius, the Floquet exponent starts to grow from zero more and more rapidly for larger and larger values of q. In the third case, the system can finally exhibit superhumps beyond the tidal truncation radius. We notice that superhumps are produced in the range 0.3 < q < 0.357 as suggested by the analysis performed by Murray (2000) and Retter et al. (2003) . Around the Pacziński radius, at rp/a ∼ 0.34, we observe a first stable region with a negative Floquet exponent (µ = −3.4 × 10 −2 ). Beyond this stable region, at rt/a ≃ 0.43, i. e. the tidal truncation radius (Warner 1995) , the Floquet chart shows a bump with µ = 0.024 which represents a barrier to disk expansion. This barrier is immediately followed by a second, sharp stable band (µ = −0.008) in correspondence with the superhumps resonance radius (r/a ≃ 0.434). As we said, these stability regions would indicate a coupling between velocity and enthalpy perturbations at a specific Fourier mode, and the creation of the corresponding pressure terms counterbalancing the prograde azimuthal perturbations. Such a behavior can be observed also in some old novae and nova-like systems with q > 0.22. For example, in the case of the old nova V603 Aql, we clearly find a stability dip in proximity of its tidal truncation radius.
• i) µ vs. r0 -below PG: the plot in the inset of Fig. 7 shows the orbital stability of the accretion disk in the dwarf nova OY Car. In this SU UMa-type system, in which superhumps occur only during superoutbursts, the two stability dips separated by the tidal truncation barrier seen in TV Col, here blend together at r/a ∼ 0.43 where µ = −0.017. This means that the velocity fluctuations are converted mainly into enthalpy (or pressure) fluctuations at the r32 resonance radius, which falls before the tidal truncation radius. Additional tests performed in the superhumper old nova CP Pup, showed a similar behavior.
• ii) µ vs. M1 vs. r0 We may generalize our investigation by analyzing the orbital stability as a function of the fiducial radius r0 and of the primary star mass M1. In Fig. 8 we draw the Floquet charts for the orbital periods 1.5, 2.95, 5.5 and 8 h adopting the standard relationship q = 0.11p. We notice that systems with very short orbital periods, like that in the inset 1 of Fig. 8 , are characterized by a stability region with a large negative Floquet exponent, µ ∼ −10 −2 in the (r/RL,M1) plane. This vertical stability strip coincides with the loci of points in which all the r32 resonance radii are shorter than the truncation radius like in OY Car. We find that all CVs below the period gap tend to have one single outer region at distances from the primary between 0.6 − 0.7RL, where superhumps take place. All this is consistent with the fact that superhumps phenomena are more frequently observed in CVs below the period gap. Inset 2 and 3 of Fig. 8 represent the cases that show two separate stability dips like TV Col. At very long orbital periods (p ≥ 8 h) the stability region tends to disappear (inset 4 of Fig.  8 ) being confined within smaller and smaller masses of the primary.
We applied the Floquet analysis to the positive superhumpers described by Retter & Naylor (2000; their Tab 1) and always found positive evidence. We also investigated the case of the old nova HR Del, in which a stability dip less pronounced than that of TV Col was found, although the system seems to show only negative superhumps. This might support the physical connection hypothesis between positive and negative superhumps. For this reason it might be worthwhile to better investigate the long-term lightcurve of this old nova.
To check the importance of long wavelength modes (k ≪ 1) we performed additional simulations that confirmed the results found for the system TV Col (section 3.1). Actually, lower frequency modes do not show the stability dip but also a very slow growth of the µ parameter in the outer re- In the main body we report three simulations of TV Col obtained varying the mass ratio, q = 0.57, q = 0.395 and q = 0.3. In the first and second case TV Col behaves like a system without superhumps, where the stability of the outer disk's regions is mainly governed by the tidal effects. The Floquet exponent, beyond the tidal truncation radius, grows more rapidly for larger orbital radii and for larger values of q. In the range 0.3 < q < 0.357 we see a dip located just after the tidal truncation radius in the superhumps region (r/a ∼ 0.435). Inset: the same for OY Car system (below the PG), with period p = 1.5149 h, M 1 = 0.84M ⊙ and r 32 /a ∼ 0.44 that exhibits superhumps.
gions of the disk. Thus, only very low frequency modes are responsible for the truncation of the disk. Higher Fourier modes, instead, do not give rise to additional instabilities.
CONCLUSIONS
We have exploited Floquet analysis to describe the stability of multi-parameter inviscid fluid flows in tidally perturbed accretion discs of Cataclysmic Variables and attempted to link our results to the onset of superhumps.
We assumed initial axial symmetry and decomposed the derivative along the radial deviation in Fourier modes. The accretion disk is distorted by the tidal forces of the secondary star like in Cataclysmic Variable systems. For each Fourier mode, we analyzed the motion for an adiabatic perturbation in the fluid as a function of the dynamical parameters that characterize the accretion disk to obtain the Floquet exponent of the growing modes associated to the evolution of the perturbation. Numerical results show the existence of resonance bands in different sections of the parameter space and give evidence of the important role of long wavelength modes in the velocity field in generating disk instabilities. The contribution of high frequency Fourier modes, instead, mainly produce epicyclic terms that would be eventually dissipated in presence of viscosity.
Our key results link the Floquet index just beyond the tidal truncation radius to the onset of superhumps in systems with q > 0.22 and relatively high orbital periods like TV Col. The onset of superhumps itself might then be favored by those external regions where velocity and enthalpy where the possible onset of superhumps is observed, and p = 8 h (inset 4). The regions labelled with µ < 0 indicate dynamical stability, the vertical black lines indicate the respective r 32 orbital resonances. When r 32 is close to a µ < 0 region, the mechanism of superhumps is active. Inset 1: the limiting case of a system that exhibits superhumps. The vertical strip of stability lies just about the r 32 orbital resonance, indicating that the system can exhibit superhumps for all the mass range. Inset 2: we still have superhumps for M 1 < 0.9, with the possibility of two separate dips for 0.9 < M 1 < 1. Inset 3: still a bimodal stability structure is possible while superhumps occur when M 1 < 0.7. Inset 4: represents the orbital stability region of a disk with a long orbital period, where no superhumps are suggested.
fluctuations are coupled together and generate pressure fluctuations. Previous evidences were mainly based on numerical simulations. Applying this method of investigation to a large number of observed systems we might also find further evidence in favor of a link between positive and negative superhumps as discussed in Retter et al. (2003) . Floquet analysis provided the first semi-analytical approach of the disk stability close to the 3 : 1 Lindblad resonance, where velocity perturbations are converted into enthalpy/pressure fluctuations. Our results are obtained with a linearized inviscid model and even if we do not take in account mode-mode couplings to describe the energy transfer to higher k−modes and the following dissipation by viscosity, we have shown the existence of stable regions in the tidally perturbed accretion disk for a wide choice of the parameters that describe the dynamics of selected real systems.
The advantages offered by the application of Floquet analysis in this approach resides also in the possibility of characterizing the existence of regions in the space of parameters, namely resonance bands, which correspond to states of dynamical instability for a system. In this case the choice of the dynamical parameters like the masses of the stars and the orbital period can characterize the rise or the damping of a given small perturbation not only inside a single accretion disk but to span into the whole class of accretion disks typical of Cataclysmic Variable systems.
We suggest that Floquet analysis could be also extended to test the dynamical stability of more complex MHD models. In CVs the gravitational field is not so strong as around neutron stars or black holes, where the newtonian approximation here adopted is insufficient. Thus, a natural extension of the present work would be a relativistic scenario obtained by modified pseudo-newtonian potentials (Kato et al. 1998) or by studying perturbations of the Kerr metric.
ACKNOWLEDGMENTS
One of us (A.B.) wishes to thank the people of the of the University of Portsmouth for their friendly hospitality. We are also indebted to Carlo Ungarelli, Reza Tavakol, Luca Zangrilli, Andrea Nerozzi for helpful discussions. This work has been supported by the ICG, Portsmouth, (UK) and by the Italian MURST. BB acknowledges a JSPS/Royal Society fellowship.
APPENDIX A: NUMERICAL TESTS
The approach we adopted to study the stability of an accretion flow was to analyze the evolution of a vector of linearly independent solutions for each orbit of the accretion disk and then to calculate, stream by stream, the eigenvalues of the matrix that maps each initial vector into the final one. To this aim we gave each fiducial radius r0 a real positive perturbation δ − → v in eqns. 7 and 8 and then numerically calculated the Floquet exponent at different times to study their asymptotic convergence with the Matlab routines already tested in previous works (Bassett and Tamburini 1998; Bassett et al. 1999; Borghesani and Tamburini 1999) . If we neglect the contribution of both the zero-mode velocities and enthalpy and consequently of the pressure terms, the evolution of each k−mode describes the stability of a test-particle orbit in the restricted three-body problem (Boccaletti & Pucacco 1998) :
where Φ(x, y, k, t) is the potential function in cartesian coordinates. When Φ(x, y, k, t) is an oscillatory function of time we can obtain from the set of eqns. A1 a Floquet system of equations. We can test the accuracy of our Runge-Kutta fourth order method routines, which uses the automatic adapting step, by comparing analytical and numerical results of special cases from the system of equations A1. We notice that also in the simplest and real-valued test-system obtained by assuming Φ(x, y, k, t) = 0 with initial con-
−2 the numerical solution shows a short transient mode similar to those observed in the numerical simulations of the accretion disk (see Fig.  A1 ). We compare this behavior with that of its analytical counterpart, obtained with MATHEMATICA T M release 4, which is x(t) = C1 cos[
without finding any correspondence to this short transient regime. Choosing the initial conditions x(0) = y(0) = 0.01 and set a = b = 1 we find Figure A1 . Main: numerical solution of the simplified testsystem of equations (A1). This is a non-Floquet system that cannot have any exponentially growing mode, and is characterized by having µ = 0. The log-plot shows the evolution from an initial oscillatory stage with initial conditions V k x (t 0 ) = V k y (t 0 ) = 10 −2 to a stabilized oscillatory motion with amplitude ∼ 10 −3 for both the radial and azimuthal perturbations. The Floquet exponent with t f = 1000 is µ = −1.356 × 10 −6 , close to zero, while for t f = 400 is µ = −1.999 × 10 −4 . Inset: the log-plot of the analytical solution to the system of equations (A1) is a pure oscillatory motion with null Floquet exponent.
that C1 = C2 = 0.01. The numerical solution of the system gives as averaged value of the velocity field Vx = 2.35×10 −5 , while the analytically integrated function Vx = 2.91 × 10 −5 , which is a small deviation if compared with the initial velocities. This uncertainty does not affect the estimation of the Floquet exponent because, whatever the system evolves to a stable oscillating solution, this will have µ = 0.
To understand if those transient regimes are caused by numerical errors or are typical of this dynamical system, we set the time of integration at t f = 400 and solve the equations in some specific cases where µ is supposed to be null. We know that this always happens in the innermost stable regions of the disk. Following this procedure we estimate the relative error due to numerical instabilities | µ ∆µ | ∼ O(10 −4 ). The Floquet exponent obtained with the Runge-Kutta routines slowly converges to zero as the time of integration goes to infinity, e.g. for t f = 400 is µ = −1.999 × 10 −4 , with t f = 1000 µ = −1.356 × 10 −6 . Further investigations have been made to obtain analytical solutions of simple Floquet systems from the set of equations A1 in which to test the estimation procedure of the Floquet exponent when calculated within a finite time. The whole system of equations (7) - (8), on the other hand, exhibits different relaxation modes, the longest of which lasts for t = 200 and is located in correspondence of real physical situations corresponding to actual stable streams i.e. at the Pacziński radius and about the r32 resonance. Enthalpy fluctuations and other nonlinear terms may cause µ to assume negative values of order of 10 −2 − 10 −3 , while numerical instabilities are characterized by a very short transient regime, like t ∼ 50 and a small negative Floquet exponent µ ∼ 10 −4 once the computational time is fixed at t = 400. Figure A2 . Floquet plot for the polytropic index γ as a function of the primary mass M 1 . The fiducial radius, the orbital period and the Fourier mode are r/R L = 0.8, p = 4 h and k = 1 respectively. In the lower value of the primary mass M 1 = 0.5M ⊙ , the figure shows a wide central resonance band around γ = 1 while the adiabatic case γ = 5/3 lies on a stability band. In this specific case a k = 1 isothermal perturbation would give rise to parametric resonances and cause disk truncation, instead the correspondent adiabatic perturbation would leave the disk almost stable. This explains the abnormal disk stability observed at larger radii than the tidal truncation radius in this Fourier mode, as observed in the Inset 3 of Fig. 8 . Tidal truncation in this case is caused by the other low-frequency k terms. Inset: Floquet plot for p = 2.3 h as in Inset 2 of Fig. 8 , when M 1 = 0.7, the disk is stable against a small k = 1 adiabatic perturbation, while for γ = 1 the perturbations have the same efficiency at different masses.
A1 The equation of state
As we have seen in Fig. 8 , there are abnormally stable k = 1 modes also at increasing orbital periods and for smaller and smaller masses of the primary, and in some cases we notice a split of the outer resonance band of the inner Lindblad orbital resonance. This effect is caused by a stable band centered at γ = 5/3 (Fig. A2 ) and in the mass range M1 ∼ 0.5 M⊙ for p = 4 h. The same behavior is seen for γ = 5/3 and M1 ∼ 0.7 M⊙ for p = 2.3 h.
